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MODULI OF CANONICALLY POLARIZED MANIFOLDS, HIGHER ORDER
KODAIRA-SPENCER MAPS, AND AN ANALOGY TO CALABI-YAU MANIFOLDS
GEORG SCHUMACHER
Abstract. Yau’s solution of the Calabi conjecture made a differential geometric study of moduli spaces
possible. The Weil-Petersson metric, which is a Ka¨hler metric for moduli of canonically polarized
manifolds, and for polarized Calabi-Yau manifolds, reflects the variation of the Ka¨hler-Einstein metrics in
a holomorphic family. Incidentally the existence of Ka¨hler-Einstein metrics implies an analytic proof for
the existence of the corresponding moduli spaces. In order to show that the moduli stack of canonically
polarized manifolds is hyperbolic, one has to consider higher order Kodaira-Spencer maps. We compute
the curvature of the related twisted Hodge sheaves Rn−pf∗Ω
p
X/S
(KX/S) for holomorphic families f :
X → S. The result exhibits a formal analogy to the classical curvature formula for Hodge bundles for
families of Calabi-Yau manifolds. We construct a Finsler metric of negative curvature on the moduli
stack of canonically polarized manifolds, whose curvature is bounded from above by a negative constant.
An extra argument together with Demailly’s version of the Ahlfors Lemma are needed for those points,
where the twisted Hodge sheaves are not locally free.
1. Introduction
A differential geometric study of moduli spaces was based upon Yau’s solution of the Calabi conjecture.
The existence of Ka¨hler-Einstein metrics on canonically polarized and (polarized) Calabi-Yau manifolds
permitted a generalization of the classical Weil-Petersson metric to moduli spaces of manifolds of higher
dimension. Incidentally, in the analytic category, Ka¨hler-Einstein metrics allow a direct argument for the
existence of moduli spaces.
Our main result states that the moduli space of canonically polarized complex manifolds is Kobayashi
hyperbolic.
For Riemann surfaces the Weil-Petersson metric has been studied extensively, and the hyperbolicity of
Teichmu¨ller space was understood from various viewpoints. One way was the identification of the Teich-
mu¨ller metric and the Kobayashi metric by Royden [Ro71]. Another is the realization of Teichmu¨ller space
as a bounded domain. The curvature of the Weil-Petersson metric was computed by Wolpert [WO86]
and Tromba [TR86]. In particular, the holomorphic sectional curvature turned out to be bounded by a
negative constant, thus also implying hyperbolicity. At this point one could see that the Weil-Petersson
metric satisfies a curvature condition that is stronger than negativity of the sectional curvature (cf.[Sch86])
–– an even stronger property was later shown by Liu, Sun and Yau in [LSY08]. The moduli spaces of
Riemann surfaces are not hyperbolic, yet hyperbolic in the orbifold sense.
In higher dimensions the curvature of the generalized Weil-Petersson metric for families of canonically
polarized manifolds was computed by Siu in [Siu84], and a formula only in terms of harmonic Kodai-
ra-Spencer forms was given in [Sch93]. As opposed to the classical case of families of compact Riemann
surfaces a potentially positive further term occurred. In view of the result of Viehweg and Zuo [VZ03]
on the Brody hyperbolicity of the moduli stack it became apparent that higher cohomology groups had
to be included.
In [Sch08] (cf. [Sch93]) we introduced higher order Kodaira-Spencer maps for deformations of a compact
Ka¨hler manifold X equipped with a Ka¨hler-Einstein metric of constant negative Ricci curvature. These
are notably different from those maps that arise related to obstruction theory and Massey products. The
maps have values in the spaces Hp(X,ΛpXTX), which carry natural L2-metrics. The idea was to offset
unwanted (possibly positive) terms by negative contributions from the next higher order Kodaira-Spencer
map. (The highest last order term was always negative though.) Being defined on the symmetric powers
of the tangent spaces of the base, these were used in [Sch08] to define a convex sum of metrics, which
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amounts to a Finsler metric on the base spaces of universal deformations thus descending to the moduli
space in the orbifold sense.
In [Sch10], for a family f : X → S we computed the curvature of the twisted Hodge bundles
Rn−pf∗Ω
p
X/S(KX/S) (cf. Theorem 5 below):
R(A,A, ψ, ψ) =
∫
X
(
(+ 1)−1 (A · A)
)
· (ψ · ψ)gdV
+
∫
X
(
(+ 1)
−1
(A ∪ ψ)
)
· (A ∪ ψ)gdV +
∫
X
(
(− 1)−1 (A ∪ ψ)
)
· (A ∪ ψ)gdV.
There are technical reasons to consider these sheaves rather than the dual sheaves Rpf∗Λ
pTX/S. How-
ever, the remarkable fact is that the curvature satisfies an estimate of the form
(∗) R(A,A, ψ, ψ) ≥ ‖H(A ∪ ψ)‖2 − ‖H(A ∪ ψ)‖2
(cf. Corollary 5).
One can see that the right-hand side of the above estimate (∗) is formally equal to the curvature for
families of polarized Calabi-Yau manifolds being induced from the period map domain by the Torelli
map.
The same methods also yield the strict positivity of the relative canonical bundle for effectively pa-
rameterized families (cf. [Sch08, Sch12]).
In [TY14] To and Yeung resumed our approach of higher Kodaira-Spencer mappings and Finsler
metrics. They are able to apply a somewhat technical curvature formula for the above bundles, which
would also lead to our curvature formula. New is [TY14, Lemma 13 (ii)], where they apply the Cauchy-
Schwarz inequality to the second term of (∗). This inequality plugged into the curvature of the Finsler
metric yields an upper strictly negative estimate for the curvature, whereas in [Sch10] we had to restrict
ourselves to relatively compact subspaces of the moduli space.
In order to be precise, it must be assumed for all of these arguments that the above direct image
sheaves are locally free, a point that was left open in [TY14] so that hyperbolicity only follows for
the subspaces, where the dimension of all induced cohomology groups Hp(X,ΛpTX) is constant. Let
MN ( . . . (Mj+1 (Mj ( . . . (M be the corresponding stratification of the moduli space M, where
all direct cohomology groups are of constant dimension on the spaces Mj\Mj+1.
This difficulty can be overcome (cf. [Sch12, Sch14]) by estimating the metric along curves that traverse
the strata. A way to describe this approach is to say that eventually any such stratum Mj is hyperbolic
modulo Mj+1, and moreover Mj\Mj+1 ⊂ Mj is hyperbolically embedded, which yields hyperbolicity
on the whole.
2. Analytic structure of the moduli space
Since the work of Mumford moduli of canonically polarized complex varieties have been studied in
Algebraic Geometry. An analytic approach to the moduli space of canonically polarized manifolds can
be based upon the existence and uniqueness of Ka¨hler-Einstein metrics according to Yau’s theorem. This
approach is most suitable, if a differential geometric study is intended.
Ka¨hler-Einstein metrics. Let X be a compact canonically polarized complex manifold of dimension
n. By definition the canonical line bundle KX possesses a hermitian metric h˜, whose curvature form
ω˜X = −
√−1∂∂(log h˜) is a Ka¨hler form. The inverse h˜−1 is interpreted as a volume form g˜ dV on X
whose curvature is the Ricci form Ric(g˜).
Yau’s theorem [Y77] states the existence of a unique Ka¨hler-Einstein form ωX of constant Ricci curva-
ture equal to −1. This statement is equivalent to the existence of a unique solution of a Monge-Ampe`re
equation. Namely, the volume form of ω˜X differs from the given form g˜ dV by a differentiable factor
ω˜nX = e
f g˜ dV.
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(We use the convention ηk = η ∧ . . . ∧ η/k! for any differential form η.) The Ka¨hler-Einstein form ωX is
cohomologous to ω˜X so that ωX = ω˜X +
√−1∂∂ϕ for a differentiable real valued function ϕ on X , and
the Monge-Ampe`re equation reads
(ω˜X +
√−1∂∂ϕ)n = ef+ϕg˜ dV i.e. (ω˜X +
√−1∂∂ϕ)n = eϕω˜nX
which yields the Ka¨hler-Einstein condition
−Ric(ωX) = ωX .
Concerning holomorphic families, we fix the notation first. Holomorphic local coordinates on the given
manifold X are denoted by (z1, . . . , zn), and the Ka¨hler-Einstein form on X is written as
ωX =
√−1gαβdzα ∧ dzβ.
We set
g = det(gαβ)
and denote by dV the Euclidean volume element with respect to these coordinates so that
ωnX = g dV.
A holomorphic family of polarized manifolds {Xs}S∈S is given by a proper, holomorphic submersion
f : X → S, with fibers f−1(s) = Xs for s ∈ S – i.e. locally the map is a projection U ×W → W , where
U ⊂ Cn and s ∈ W ⊂ S are open subsets. In general S stands for a not necessarily reduced complex
space, which will assumed to be reduced, when dealing with moduli spaces.
We will use the summation convention and denote covariant differentiation on the fibers (Xs, ωs) with
respect to a holomorphic coordinate zα, α = 1, . . . n, by ∇α or rather use the semi-colon notation ;α.
For any tensor η, say ηα we set ηβ := ηβ . If necessary, we use the notation ∂α or |α for ordinary
differentiation with respect to zα. Also we will write ∂α for the coordinate vector field ∂/∂z
α.
Yau’s openness argument for the existence of a Ka¨hler-Einstein metric implies the following fact (cf.
[F-S90]).
Proposition 1. Let X → S be a holomorphic family of canonically polarized compact, complex manifolds,
where S denotes a reduced complex space. Then the family ωXs of Ka¨hler-Einstein forms with Ricci
curvature equal to −1 depends in a C∞ way upon the parameter s ∈ S giving rise to a relative Ka¨hler
form ωX/S.
Proof. The statement being local, we pick a point s0 ∈ S and consider the Ka¨hler-Einstein metric ωXs0
on the fiber Xs0 . It gives rise to a hermitian metric on the canonical bundle KXs0 , which we extend to
a hermitian metric on KX/S after replacing S by a neighborhood of s0, if necessary. By continuity the
curvature form of the latter metric restricted to all neighboring fibers is strictly positive. We call the
relative form ω˜X/S. By assumption the induced form ω˜Xs0 is equal to the Ka¨hler-Einstein form ωXs0 . So
far, the argument also applies to singular parameter spaces S.
Let X = Xs0 . In terms of a differentiable trivialization of the given holomorphic family, any differen-
tiable function ϕ on X gives rise to functions ϕs on the fibers Xs. For sufficiently large k and 0 < λ < 1
the Ho¨lder spaces Ck,λ(X) are being used. We first assume that S is smooth. A differentiable map of
Banach spaces
Ψ : S × Ck+2,λ(X)→ Ck,λ(X)
is defined by
(s, ϕ) 7→ log((ω˜Xs +
√−1∂∂ϕs)n/ω˜nXs)− ϕs.
Ka¨hler-Einstein metrics on the fibers Xs correspond to solutions of the equation Ψ(s, ϕs) = 0.
By assumption Ψ(s0, 0) = 0, and the partial derivative D1Ψ with respect to S is equal to the invertible
operator −(ωX + id), where ωX is the Laplacian on functions with respect to the Ka¨hler-Einstein
metric on the central fiber X . Now the implicit function theorem yields the claim.
For a singular base space it is necessary to consider a neighborhood of s0 in a smooth ambient
space W of minimal dimension containing S with the following properties. From the construction of
a (semi-)universal deformation it is known that there exists a family of almost complex structures on X
parameterized by W that are integrable for s ∈ S. In a similar way there exists a complex line bundle
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over X×W that is holomorphic and equal to the relative canonical bundle when restricted to S. Also the
differential operators ∂ and ∂ extend as operators. These facts imply that the map Ψ can be extended to
W (after replacing the space by a neighborhood of s0 if necessary). The extension is not unique, but the
implicit function theorem yields a solution ϕ(s) on S, which is the restriction of a differentiable function
on a smooth ambient space. 
Proposition 2. Let ωnX/S be the relative volume form for a family of Ka¨hler-Einstein metrics ωXs . Then
the closed, real (1, 1)-form
(1) ωX =
√−1∂∂ log(ωnX/S)
on the total space X , restricted to any fiber Xs equals the Ka¨hler-Einstein form ωXs .
Proof. Let ωXs =
√−1(gαβ(z, s))dzα ∧ dzβ, and ωnX/S = det(gαβ(z, s)) dV (z, s)), where dV denotes the
relative Euclidean volume form. Then
ωX |Xs =
√−1∂∂ log det(gαβ(z, s))|Xs = −Rγδ(z, s)dzγ ∧ dzδ = ωXs .

Notions of deformation theory. In the following sections, we will summarize basic facts and give
outlines of proofs (cf. [Sch84, Sch04]).
Given a compact complex manifold X and a complex space S together with a distinguished point
s0 ∈ S a deformation ξ of X over (S, s0) is given by
(i) A proper, holomorphic submersion f : X → S
(ii) A biholomorphic map ϕ : X
∼−→ Xs0 .
When using the methods of deformation theory, it will often be necessary to replace the base space by
a neighborhood of the distinguished point. In this sense it is meaningful to consider deformations over
germs of complex spaces.
Note that an isomorphism of deformations is given by a biholomorphic map of the total spaces over
the base space of the given families (i) that is compatible with the isomorphisms (ii).
If q : (R, r0)→ (S, s0) is a holomorphic map of complex spaces with distinguished base points and ξ a
deformation of X over (S, s0) then a deformation q
∗ξ of X over (R, r0) is constructed by base change: The
corresponding holomorphic family is XR := X ×S R→ R, and the isomorphism X → XR,r0 is induced by
ϕ and the canonical isomorphism Xs0 ∼−→ XR,r0 . The deformation q∗ξ is called the pull-back of ξ with
respect to q.
A deformation ξ of X is called universal, if after replacing the base spaces by neighborhoods of the
distinguished points, any deformation of X is isomorphic to a pull-back q∗ξ of ξ, where the map q (as a
holomorphic map of space germs) is uniquely determined. In general, only semi-universal deformations
exist. (Here the condition of the uniqueness of the base change map q is weakened to the uniqueness of
the tangent map of q at the distinguished point).
Application to moduli spaces. In the analytic category moduli spaces are constructed by means of
deformation theory. Set theoretically a (coarse) moduli space M consists of all isomorphism classes of
complex manifolds from a given class. For holomorphic families f : X → S of such manifolds, the natural
maps ϕf : S →M that send a point s ∈ S to the isomorphism class of its fiber provide the set M with
a natural (quotient) topology. A natural equivalence relation ∼ is defined on the union of all such base
spaces S, which identifies points, if the respective fibers are isomorphic so that M = (∪S)/∼. Note that
on any connected component of the moduli space the underlying differentiable structure of the fibers is
fixed so that the set of isomorphism classes of complex structures exists.
Theorem 1. The moduli space M of canonically polarized manifolds is a coarse moduli space, i.e. M
possesses a complex structure such that for all holomorphic families f : X → S the map ϕf : S → M
that sends a point of S to the isomorphism class of its fiber, is holomorphic.
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It can be seen immediately that universality of semi-universal deformations is required. Since canoni-
cally polarized manifolds do not possess non-vanishing holomorphic vector fields, this condition is satisfied.
Still, in general, there exist points in the parameter spaces S, whose fibers are isomorphic.
We have the following general statement.
Proposition 3. Assume that there exists a universal deformation ξ of a compact complex manifold X
over a space (S, s0). Then
(i) there exists a natural action of the group Aut(X) on the space germ of (S, s0).
(ii) The ineffectivity kernel of the above group action consist of those automorphisms that extend to
automorphisms of X over S.
The proof follows from a pure deformation theoretic argument: Let α ∈ Aut(X). Then in terms of
the above notation replacing ϕ by ϕ ◦ α we obtain a further deformation of X , which is isomorphic to a
pull-back q∗α(ξ) under a holomorphic map qα : (S, s0)→ (S, s0), since ξ is universal by assumption. This
proves the first assertion. The second statement follows from the definition. 
The existence of unique Ka¨hler-Einstein metrics implies the following key property, which we state
here for families of canonically polarized manifolds. For polarized families of Ricci flat manifolds the
analogous statement is true.
Main Lemma. Let X → S and Z → T be holomorphic families of Ka¨hler-Einstein manifolds with
constant Ricci curvature equal to −1. Let sν ∈ S and tν ∈ T be points converging to s0 ∈ S and t0 ∈ T
resp. Suppose that there exist biholomorphic maps of the fibers ψν : Xsν ∼−→ Ztν . Then a subsequence
converges to an isomorphism ψ0 : Xs0 ∼−→ Zt0 .
Proof. It follows from the uniqueness of the Ka¨hler-Einstein metrics on the fibers that the isomorphisms
ψν are isometries. As these are isometries in the sense of metric spaces, a subsequence converges to an
isometry, which must be an isometry, also in the sense of Ka¨hler manifolds by the theorem of Myers and
Steenrod. Hence, the limit fibers are isomorphic as complex manifolds. 
Corollary 1. The topology of the moduli space of canonically polarized manifolds is Hausdorff.
We will see below that the Hausdorff property is related to the existence of an analytic structure.
Proof of the Corollary. Given two different points of p, q ∈M one can find base spaces (S, s0) and (T, t0)
of universal deformations so that p, and q are the images of s0 and t0 resp. If p an q cannot be separated
by open subsets, in any neighborhood Sν and Tν of s0 in S and t0 in T resp. there exist equivalent points
sν and tν . The Main Lemma would imply that p = q in M. 
Together with the fact that there are no non-vanishing holomorphic vector fields, the Main Lemma
also yields an analytic argument for the fact that the automorphism group of a canonically polarized
manifold is finite.
Proposition 4. Let (S, s0) be a sufficiently small base space on which Aut(X) acts. Then the canonical
map
µ : S/Aut(X)→ S/∼
is a homeomorphism.
Corollary 2. The moduli space M carries a natural complex structure.
Proof of the Corollary. The moduli space is glued together from complex spaces of the form S/∼. The
gluing maps can be lifted locally to the base spaces of universal deformations as holomorphic maps, since
the universal families X → S yield universal deformations for any point of the base. The Hausdorff
property was already shown in Corollary 1. 
Proof of Proposition 4. After replacing S by a neighborhood of s0 there are no further fibers isomorphic
to X , since the orbit of Aut(X) is finite. The construction implies that µ is continuous and open. If it
is not injective on any neighborhood of the distinguished point, there exist pairwise different points sν
6 G. SCHUMACHER
and tν in S converging to s0, whose fibers are pairwise isomorphic. We apply the Main Lemma and see
that a subsequence of such isomorphisms converge to an automorphism of the central fiber. Using the
action of Aut(X) on S from Proposition 3, we can assume without loss of generality that the limiting
automorphism is the identity. It is known that isomorphisms of holomorphic families are parameterized
by a complex space [F84, Sch84]. In our situation, we have a sequence of points with a limit point in this
space of isomorphisms. This means that there exists an analytic curve C with two different holomorphic
maps α, β : C → S, such that the pull-backs of the given holomorphic families via α and β resp. are
isomorphic. Moreover, at s0 the isomorphisms yield the identity of X so that also the deformations over
C are equal. By universality of ξ, the maps α and β would have to be equal. 
3. Properties of the Weil-Petersson metric
Applying the methods of deformation theory to classical Teichmu¨ller theory A. Weil suggested to study
a hermitian metric on the Teichmu¨ller space that is compatible with base change i.e. with the action of
the Teichmu¨ller modular group and hence descends to the moduli space of compact Riemann surfaces
[We58]. In the context of automorphic forms the inner product had been studied by H. Petersson earlier.
For quadratic holomorphic differentials on Riemann surfaces, a canonical inner product is defined in terms
hyperbolic metrics, providing the cotangent bundle of the Teichmu¨ller space with a hermitian metric. On
the tangent bundle the dual metric is defined in a natural way for harmonic Beltrami differentials. The
Weil-Petersson metric was shown to be Ka¨hler and of negative Ricci curvature by Ahlfors. The curvature
tensor of the classical Weil-Petersson metric was computed by Wolpert [WO86] and Tromba [TR86].
Yau’s solution of the Calabi problem allowed the construction of a generalized Weil-Petersson metric
for families of canonically polarized manifolds and polarized Calabi-Yau manifolds, (for details refer to
[F-S90].)
We summarize basic properties (cf. [Sch84, Sch08, Sch10, Sch12]). The Kodaira-Spencer map for a
deformation of a complex manifold was originally given in terms of a differentiable trivialization. This
approach can be interpreted as follows: For any holomorphic, proper, submersion f : X → S the exact
sequence
(2) 0→ TX/S → TX → f∗TS → 0
is being considered. For any point s ∈ S the edge homomorphism of the associated exact sequence of
direct image sheaves
f∗f
∗TS → R1f∗TX/S
yields the Kodaira-Spencer map ρs : TsS → H1(Xs, TXs). The construction is ”functorial” i.e. compatible
with the base change of holomorphic families. Now the computation in terms of Dolbeault cohomology
yields the classical definition of the Kodaira-Spencer map in the following way.
We first assume that S is smooth. A differentiable splitting of (2) is determined by a differentiable
trivialization. So, if s is a coordinate function on S, and ∂/∂s ∈ TsS a tangent vector at a point of S,
then the splitting yields a differentiable vector field ∂/∂s + bα(z, s)∂/∂zα on X that projects down to
∂/∂s – again (z1, . . . , zn) are local coordinates on the fibers of f . Now
B(z)α
β
∂αdz
β = ∂(∂/∂s + bα(z, s))|Xs
is a ∂-closed form on the fibers which need not be ∂-exact as a form on the fibers.
It is easy to see that the above process only requires calculations on the first infinitesimal neighborhoods
of the fibers. Altogether we have the following statement.
Lemma 1. The Kodaira-Spencer map
ρs : TsS → H1(Xs, TXs)
assigns to a tangent vector ∂/∂s the cohomology class [Bα
β
(z, s)∂αdz
β].
Let ωX be the curvature form of (KX/S , h) like in Proposition 2. Let the base space S be an open
subset W = {(s1, . . . , sm)} ⊂ Cm or more generally let m be the embedding dimension of S at a fixed
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point and S holomorphically embedded into such a space W . We consider the tangent vectors ∂/∂sk.
Now
ωX =
√−1
(
gαβdz
α ∧ dzβ + gαdzα ∧ ds + giβdsi ∧ dzβ + gidsi ∧ ds
)
Since ωX |Xs is equal to the Ka¨hler-Einstein form on Xs, it is meaningful to define a differentiable lift
uk =
∂
∂sk
+ aαk (z, s)
∂
∂zα
such that uk is perpendicular to the fiber Xs. It is called horizontal lift of ∂/∂sk.
Lemma 2. The horizontal lift of ∂/∂sk equals
(3) uk =
∂
∂sk
− gβαgkβ
∂
∂zα
,
i.e. aαk = −gβαgkβ, and
(4) Ak := ∂(uk)|Xs = Aαkβ(z, s)∂αdzβ
is a representative of the Kodaira-Spencer class ρ(∂/∂sk), where Aα
kβ
= aα
k;β
.
Proof. The first statement follows from a simple calculation. The second claim follows from Lemma 1
and its preceding discussion. 
Lemma 3. The Kodaira-Spencer form Ak is harmonic on Xs with respect to the Ka¨hler-Einstein form
on Xs, i.e.
(5) ∂
∗
(Ak) = 0.
The induced contravariant tensors satisfy
(6) Akβδ = Akδβ .
Proof. We set g(z, s) = det(gστ ) so that ωX =
√−1∂∂ log g(z, s). By (1), and Lemma 2
∂
∗
(Ak) = −gβγAαkβ;γ∂α = gβγgδαgkδ;βγ = gβγgδα
(
gkβ;γδ − gkτRτβδγ
)
= gδα
((
∂
∂sk
log det(gγβ)
)
;δ
+ gkτR
τ
δ
)
= gδα(gkδ − gkδ) = 0
The symmetry of Akβδ follows from (3) and (4). 
We saw that the harmonicity of Ak can be interpreted as infinitesimal Ka¨hler-Einstein condition.
The Ka¨hler-Einstein metrics on the fibers of a holomorphic family over a spaces S define a hermitian
metric for harmonic Kodaira-Spencer forms, which induces semi-positive hermitian inner products on the
tangent spaces of the base S. It follows from the construction that these inner products are compatible
with base change and strictly positive for a universal deformation.
As above s stands for a coordinate function of a parameter space, and ∂/∂s for a general tangent
vector.
Definition 1. Let X → S be a holomorphic family of canonically polarized complex manifolds. Let
ρs : TsS → H1(Xs, TXs)
be the Kodaira-Spencer mapping, and let
Aα
sβ
(z)∂αdz
β
be the harmonic representative of ρs(∂/∂s). Then the Weil-Petersson norm is defined to be
‖∂/∂s‖2WP =
∫
Xs
‖As‖2(z)g dV =
∫
Xs
Aα
kβ
A
δ
ℓγgαδg
βγg dV =
∫
Xs
Aα
kβ
A
β
ℓαg dV.
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(The last equality in the above definition follows from (6).)
We will use the technique of fiber integration of differential forms. Given a smooth proper holomorphic
map f : X → S of complex manifolds with fibers of complex dimension n, and η a C∞ differential form
of degree 2n+ r, the fiber integral ∫
X/S
η
is a differential form of degree r and class C∞. The extension of fiber integration to currents is the
push-forward.
Again, this construction is compatible with base change. For trivial (differentiable) families the explicit
construction is obvious, and one can use a differentiable trivialization otherwise.
The construction is type preserving: If η is of type (n + r, n + s), then the fiber integral is of type
(r, s). Furthermore, it commutes with the exterior derivatives d, ∂, and ∂.
For smooth families over reduced base spaces the forms η are assumed to be locally extendable as
C∞ forms to smooth ambient spaces: Locally f is the projection U × S → S, where U is smooth, and
S ⊂ W , where W is an open subset of a complex number space. In this way, the fiber integral of η can
be provided with a local C∞ extension to a smooth space.
Theorem 2. The Weil-Petersson hermitian inner product on the tangent spaces defines a Ka¨hler form
ωWP on the base spaces of universal deformations. The Ka¨hler form ωWP is invariant under the action
of the automorphism group of the distinguished fiber, and thus descends to the moduli space.
Locally on the bases spaces of deformations the form ωWP possesses a ∂∂-potential that is of class
C∞ on a smooth ambient space. Such a potential descends to the moduli space as a plurisubharmonic
continuous function.
The notion of a Kodaira-Spencer map is meaningful for families over non-reduced base spaces, and
non-reducedness may also occur for universal deformations. In principle the statement of Proposition 1
can also be given a meaning for non-reduced base spaces. However, moduli spaces are usually provided
with a reduced complex structure. In this sense, we restrict ourselves to reduced parameter spaces at the
expense that the Weil-Petersson inner product may be defined on larger tangent spaces.
Proof of the Theorem. Since Ka¨hler-Einstein metrics of constant Ricci curvature equal to −1 are unique
and compatible with biholomorphic mappings, it follows immediately form the definition that the Weil-
Petersson metric is invariant under the action of the automorphism group of the central fiber in a (local)
deformation and descends to the moduli space.
The second part of the Theorem follows from the fiber integral formula (7) below. Note that ωX
possesses local ∂∂-potentials of class C∞ that extend to local, smooth ambient spaces in a C∞ way – a
property that also holds for ωWP because of (7). 
Given a universal deformation X → S, we denote by ωX the form as in (1) of Proposition 2.
Theorem 3 ([F-S90]). The Weil-Petersson form is given by a fiber integral
(7) ωWP =
∫
X/S
ωn+1X .
Because of the base change property for ωWP and ωX , it is sufficient to prove (7) for spaces of dimension
one, when dealing with smooth base spaces. Since we need to include singular base spaces we reduce the
statement to embedding dimension one.
Let s be a coordinate function for S, and we use s also as index for this function and for the restriction
of the form ωX , whose positive definiteness is to be shown. The following facts can be verified by an
obvious calculation.
Lemma 4. Let us be the horizontal lift of ∂/∂s, and let
ϕ = ϕss = 〈us, us〉ωX .
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Then
(8) ϕss = gss − gβαgsβgαs,
and ϕss is related to the determinant of an (n+ 1)× (n+ 1)-matrix:
(9) ϕss · det(gαβ) = det
(
gss gsβ
gαs gαβ
)
.
A crucial property is the following differential equation. In this way it is possible to eliminate second
order derivatives with respect to the parameter space from ϕ.
Proposition 5. Denote by s = Xs the Laplacian on fibers with respect to ωXs. Then
(10) (1 +s)(ϕss(z, s)) = ‖As‖2(z, s).
Proof. The calculation depends upon the Ka¨hler-Einstein condition. Details are in [Sch93, Sch12]. 
Proof of Theorem 3. By Proposition 5 we have
‖∂/∂s‖2WP =
∫
Xs
(1 +s)(ϕss)g dV =
∫
Xs
ϕss g dV.
Because of (9) this quantity corresponds to the fiber integral from (7) evaluated at ∂/∂s. 
With ϕi = 〈ui, uj〉ωX the equation
(11) ωn+1X =
√−1ϕi dsi ∧ ds g dV
follows.
A holomorphic family is called effectively parameterized, if the Kodaira-Spencer mapping is everywhere
injective. In particular, universal families have this property.
An important consequence of Proposition 5 is the following fact.
Theorem 4 ([Sch08, Sch12]). Let X → S be an effectively parameterized family of canonically polarized
manifolds. Endow the relative canonical bundle KX/S with the hermitian metric h that is induced by the
family of Ka¨hler-Einstein volume forms. Then the bundle (KX/S , h) has a strictly positive curvature form
ωX , whose restrictions to the fibers Xs are equal to the Ka¨hler-Einstein forms Xs.
Proof. In view of (11) it is sufficient to show that ϕi is positive definite on all of X . We pick a non
vanishing tangent vector on S and use the above notation ∂/∂s. Then we need to show that the function
ϕss in the sense of Lemma 2 is strictly positive on X . Since ‖As‖2(z, s) is larger or equal to zero on X
and not identically zero on any fiber, the strict positivity of ϕss follows from Proposition 5 and general
theory. 
Based upon the estimates of the heat kernel for the Laplacian by Cheeger and Yau [C-Y81], lower
estimates for ϕss were given in [Sch12].
Now the fiber integral (7) together with (11) imply that the Weil-Petersson form can be defined in
terms of horizontal lifts.
Proposition 6. Let ui be the horizontal lift of ∂/∂s
i, and ωX =
√−1∂∂ log h the Ka¨hler form on the
total space induced by the Ka¨hler-Einstein forms on the fibers. Then
(12) ωWP =
(∫
Xs
〈ui, uj〉ωX g dV
)√−1dsi ∧ ds
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4. General properties of direct images
For any proper holomorphic map f : X → S, and any coherent sheaf E on X that is OS-flat, and
q ≥ 0, the canonical morphism
Rqf∗E ⊗ C(s)→ Hq(Xs, Es)
is being considered, where C(s) = OS/ms denotes the sheaf C concentrated at a point s ∈ S, and
Es = E ⊗ OXs .
Proposition 7. Let f : X → S be a holomorphic family of canonically polarized manifolds over a complex
space. Then for all s ∈ S and 0 ≤ p ≤ n the canonical map
(13) Rn−pf∗(Ω
p
X/S(KX/S))⊗ C(s)→ Hn−p(Xs,ΩpXs(KXs))
is an isomorphism.
Proof. According to the Kodaira-Nakano vanishing theorem all groups Hn−p+1(Xs,ΩpXs(KXs)) vanish.
Furthermore the sheaves ΩpX/S(KX/S) are S-flat. Now Grauert’s base change and comparison theorem
(cf. [B-S76, Theorem III 3.4 and Corollary 3.5]) implies the statement. 
Given a fixed number 0 ≤ p ≤ n, we consider the subspace S′ ⊂ S of points s, where the dimension
hn−p(Xs,ΩpXs(KXs)) is minimal. Due to the semi-continuity of the dimension of the cohomology groups,
S′ is the complement of a nowhere dense analytic subset. Let X ′ = X ×S S′, and let f ′ : X ′ → S′ be the
induced map. Furthermore denote by S0 the reduction of S
′, set X0 = X×SS0, and denote by f0 : X0 → S0
the induced map. Now by the base change theorem the pull back Rn−pf∗(Ω
p
X/S(KX/S))⊗OS OS0 is equal
to Rn−pf0∗(Ω
p
X0/S0
(KX0/S0)).
Remark 1. Over S0 the sheaf R
n−pf0∗(Ω
p
X0/S0
(KX0/S0)) is locally free, in particular also Rpf0∗ΛpTX0/S0
is, and the base change property holds for the latter sheaf. In particular the map
Rpf0∗(Λ
pTX0/S0)⊗OS0 C(s)→ Hp(Xs,ΛpTXs)
is an isomorphism.
Proof. We only use the fact that for reduced base spaces the constancy of the dimension of the cohomology
groups implies both the local freeness of the direct image sheaf and the base change property. 
Remark 2. Let f : X → S be a local universal family such that dimH1(Xs, TXs) is constant. Then
either S is smooth or everywhere non-reduced.
Catanese showed that the latter situation actually occurs for certain surfaces of general type [Ca89].
Sections of a direct image sheaf and families of harmonic representatives of the corresponding coho-
mology groups are related as follows. Here we assume that the direct image is locally free and restrict
the situation to a Stein contractible base space say.
Proposition 8. Let f : X → S be a smooth proper holomorphic map over a reduced space S with a
relative Ka¨hler form ωX/S and let (E , h) be a locally free, coherent sheaf on X with a hermitian metric
such that Rqf∗E is free. As above Es stands for the analytic restriction E ⊗ OXs of E to a fiber Xs.
Then any section of Rqf∗E(S) can be represented by a ∂-closed form ψ ∈ A(0,q)(X , E) whose restrictions
ψs ∈ Hq(Xs, Es) to the fibers Xs are harmonic.
The simple argument is given in [Sch12].
Denote by E∨ = Hom(OX , E) the dual sheaf. Let E and E∨ ⊗ KX/S satisfy the assumptions of the
proposition for p and n− p resp.
Corollary 3. The relative Serre duality
Rpf∗E ⊗OS Rn−pf∗(E∨ ⊗OX KX/S)→ OS
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can be evaluated in terms of the fiber integral ∫
X/S
ψ ∧ χ,
where ψ ∈ A(0,p)(X , E) and χ ∈ A(0,n−p)(X , E∨ ⊗ ΩnX/S) are ∂-closed forms that are harmonic, when
restricted to fibers.
Proof. The fiber integral defines a function on S. Fiberwise we have the classical statement of Serre du-
ality. Since fiber integration commutes with exterior derivatives, the result is a ∂-closed, i.e. holomorphic
function. 
5. Curvature of higher direct image sheaves
General assumption. From now on we denote by f : X → S a holomorphic family over a reduced
complex space such that all direct image sheaves Rn−pf∗(Ω
p
X/S(KX/S)) are locally free for all p. We will
return to the general case later.
We mention an identity for harmonic Kodaira-Spencer forms A that arises from the symmetry: of Aβδ.
(14) (A∗)βα = A
β
α
Namely, by definition (A∗)βα = A
δ
γ g
βγgαδ = Aαγg
βα. By (6) this equals A
β
α.
Definition 2. Let s ∈ S, and let A = Aα
β
(z, s)∂αdz
β be a harmonic Kodaira-Spencer form on a fiber
X = Xs. Then the cup product together with the contraction defines
A ∪ : A0,n−p(X,ΩpX(KX)) → A0,n−p+1(X,Ωp−1X (KX))(15)
A ∪ : A0,n−p+1(X,Ωp−1X (KX)) → A0,n−p(X,ΩpX(KX)),(16)
where 0 < p ≤ n, namely(
Aγ
δ
∂γdz
δ
)
∪
(
ψα1,...,αp,βp+1,...,βndz
α1 ∧ . . . ∧ dzαp ∧ dzβp+1 ∧ . . . ∧ dzβn
)
=
Aγ
βp
ψγα1,...,αp−1βp+1,...,βn
dzβp ∧ dzα1 ∧ . . . ∧ dzαp−1 ∧ dzβp+1 ∧ . . . ∧ dzβn(
A
δ
γ∂γdz
δ
)
∪
(
ψα1,...,αp−1,βp,...,βndz
α1 ∧ . . . ∧ dzαp−1 ∧ dzβp ∧ . . . ∧ dzβn
)
=
A
δ
α1ψα2,...,αp,δ,βp+1,...,βndz
α1 ∧ . . . ∧ dzαp ∧ dzβp+1 ∧ . . . ∧ dzβn .
Observation. The cup product (15) with the harmonic Kodaira-Spencer form A gives rise to cup products
for cohomology classes (ψ is assumed to be harmonic).
A ∪ : Hn−p(X,ΩpX(KX)) −→ Hn−p+1(X,Ωp−1X (KX)) ; [ψ] 7→ [A ∪ ψ] = [H(A ∪ ψ)](17)
A ∪ : Hn−p+1(X,Ωp−1X (KX)) −→ Hn−p(X,ΩpX(KX)) ; [ψ] 7→ [H(A ∪ ψ)],(18)
where H denotes the harmonic projection. In (18) it is necessary to apply the harmonic projection.
Lemma 5. (i) The map A ∪ from (16) is adjoint to the map A ∪ from (15).
(ii) The map A ∪ from (18) is adjoint to the map A ∪ from (17).
Proof. A simple calculation depending on the symmetry (6) shows (i). The L2-inner product on the
cohomology is defined in terms of harmonic representatives. For any harmonic form χ ∈ A(p,n−p)(X,KX)
we have (H(A ∪ ψ), χ) = (A ∪ ψ, χ) = (ψ,A ∪ χ) = (ψ,H(A ∪ χ)) which implies (ii). 
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The family of Ka¨hler-Einstein metrics for the fibers of f : X → S defines natural hermitian metrics on
the fibers of Rn−pf∗Ω
p
X/S(KX/S), namely the induced L2-inner products for harmonic representatives of
cohomology classes from Hn−p(Xs,ΩpXs). Let ψk, ψℓ ∈ A(0,n−p)(Xs,Ω
p
Xs
(KXs)) be harmonic, then
〈ψk, ψℓ〉 :=
∫
Xs
ψk
ApBq
ψℓ
DpCn−p
gDpApgBn−pCn−pdV,
where Ap = (α1, . . . , αp) etc. and dz
Ap = dzα1 ∧ . . . ∧ dzαp etc. If the coefficients ψk
ApBn−p
etc. are
already skew-symmetric, then gDpAp = gδ1α1 · . . . · gδpαp can be taken, otherwise this quantity denotes a
determinant.
Computation of the curvature.
Theorem 5 ([Sch10, Theorem IV]). Let X denote a fiber Xs at a point s ∈ S. Let the harmonic
Kodaira-Spencer form A stand for a tangent vector of S at s, and represent a vector of the fiber
Rn−pf∗Ω
p
X/S(KX/S)⊗ C(s) = Hn−p(X, E) by the harmonic form ψ.
(i) The curvature tensor for Rn−pf∗Ω
p
X/S(KX/S) at s is given by
R(A,A, ψ, ψ) =
∫
X
(
(+ 1)
−1
(A · A)
)
· (ψ · ψ)gdV
+
∫
X
(
(+ 1)
−1
(A ∪ ψ)
)
· (A ∪ ψ)gdV(19)
+
∫
X
(
(− 1)−1 (A ∪ ψ)
)
· (A ∪ ψ)gdV.
The general curvature formula can be derived by polarization. All non-zero eigenvalues of Lapla-
cians occurring in the third term are greater than one.
(ii) The only contribution in (19), which may be negative, originates from the harmonic projections
H(A ∪ ψ) in the third term. It equals
−
∫
X
H(A ∪ ψ)H(A ∪ ψ)gdV = −‖H(A ∪ ψ)‖2.
For p = 0 the second term in (19) is equal to zero, and for p = n the third one does not occur.
Part (ii) of the theorem is a direct consequence of the first statement. It follows from an eigenvector
expansion of A ∪ ψ.
For p = n the Kodaira-Nakano vanishing theorem together with the Grauert comparison theorem
imply that f∗K⊗2X/S is locally free for any base space.
Corollary 4. The sheaf f∗K⊗2X/S is Nakano positive.
Proof. The second term of (19) gives Nakano-positivity immediately. For an estimate one can use the
first term using the Cheeger-Yau estimates for the heat kernel [C-Y81]. 
We read an immediate estimate off (19) using the second and third term.
Corollary 5.
(20) R(A,A, ψ, ψ) ≥ ‖H(A ∪ ψ)‖2 − ‖H(A ∪ ψ)‖2.
We will discuss the proof of Theorem 5 in Section 10.
Corollary 6. The statement of Theorem 5 holds for any family of canonically polarized manifolds over
a reduced space, if the twisted Hodge sheaves Rn−pf∗Ω
p
X/S(KX/S) are locally free.
The proof follows from the base change theorem (cf. Remark 1). 
We will use it for subspaces of base spaces of universal deformations.
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6. Variation of Hodge structure for families of Calabi-Yau manifolds – an analogy
In a geometric situation of a proper, holomorphic family f : X → S we consider the Hodge bundles
Eq = Rqf∗Ω
n−q
X/s . These carry connections arising from the flat connection on R
nf∗C. In fact these are
induced by the family of Ka¨hler-Einstein metrics on the fibers. As above we denote by A a harmonic
Kodaira-Spencer form representing a tangent vector of a point s ∈ S. Again we set X = Xs. The cup
product with A determines a map
(21) A ∪ : Hn−p(X,ΩpX)→ Hn−p+1(X,Ωp−1X ).
Theorem 6 (Griffiths [Gr70, (5.2)]). The curvature tensor Rh of a Hodge bundle E
q = Rqf∗Ω
n−q
X/S at a
point s ∈ S is given by
(22) Rh(A,A, ψ, ψ) = ‖H(A ∪ ψ)‖2 − ‖H((A∪)tψ)‖2,
where (A∪)t : Hn−p(X,ΩpX) → Hn−p−1(X,Ωp+1X ) denotes the adjoint map with respect to the L2 inner
product.
It is a classical result that the above computation of the curvature of period domains and the validity
of a Torelli theorem imply the hyperbolicity of the moduli space of polarized Calabi-Yau manifolds.
Remark 3. Like in Lemma 5 one can see that also for Calabi-Yau manifolds the adjoint (A∪)t on the
level of cohomology is the cup product with A. Now (22) reads
(23) Rh(A,A, ψ, ψ) = ‖H(A ∪ ψ)‖2 − ‖H(A ∪ ψ)‖2.
This, and the application to the sheaves Rpf∗Λ
pTX/S was a motivation to compute the curvature of
twisted Hodge bundles in [Sch10].
7. Higher order Kodaira-Spencer maps
Let f : X → S be a holomorphic family of canonically polarized varieties Xs, s ∈ S of complex
dimension n. Denote by ρ : TsS → H1(Xs, TXs) the Kodaira-Spencer map. Let ui ∈ TS,s be tangent
vectors and Ai (harmonic) representatives of ρ(ui).
Definition 3. The generalized Kodaira-Spencer maps are defined on the symmetric powers of the tangent
spaces.
ρ(p) : Sp(TS,s) → Hp(Xs,ΛpTXs)(24)
∈ ∈
u1 ⊗ . . .⊗ up 7→ [A1 ∧ . . . ∧ Ap] = [Aα11β1∂α1dz
β1 ∧ . . . ∧ Aαp
pβp
∂αpdz
βp ].
The generalized Kodaira-Spencer maps are induced by the classical Kodaira-Spencer map together
with the natural morphisms SpH1(Xs, TXs)→ Hp(Xs,ΛpTXs).
Remark 4. The Ka¨hler-Einstein metrics on the fibers induce Weil-Petersson metrics on the symmetric
spaces SpH1(Xs, TXs), namely
‖u1 ⊗ . . .⊗ up‖2WP := ‖H(A1 ∧ . . . Ap)‖2.
Notation. For any harmonic Kodaira-Spencer form A ∈ A(0,1)(X, TX) we define
(25) Ap := H(A ∧ . . . ∧ A).
Curvature formula. The cup products (15) and (16) from Definition 2 yield wedge products on the
dual spaces.
A ∧ : A0,p(Xs,ΛpTXs)→ A0,p+1(Xs,Λp+1TXs)(26)
A ∧ : A0,p+1(Xs,Λp+1TXs)→ A0,p(Xs,ΛpTXs).(27)
Here, in (26) the wedge product stands for an exterior product, whereas in (27) the wedge product
contains a contraction with both indices of Ai. Again for p = n in (26) and (27) the value of the wedge
product is zero.
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Lemma 5 implies
Lemma 6. The map (27) is dual to (26).
We apply our result to the curvature for twisted Hodge bundles, again assuming that the dimension
of the cohomology groups (for all degrees p) is constant. Observe that the role of conjugate and non-
conjugate Kodaira-Spencer forms is interchanged.
Theorem 7 ([Sch10]). Let X = Xs. Let A ∈ A(0,1)(X, TX) be a harmonic Kodaira-Spencer form
representing a tangent vector of S at s, and let ν ∈ A(0,p)(X,ΛpTX) be a harmonic form.
Then the curvature of Rpf∗Λ
pTX/S at s equals
R(A,A, ν, ν) = −
∫
X
(
(+ 1)
−1
(A ·A)
)
· (ν · ν) g dV
−
∫
X
(
(+ 1)−1 (A ∧ ν)
)
· (A ∧ ν) g dV(28)
−
∫
X
(
(− 1)−1 (A ∧ ν)
)
· (A ∧ ν) g dV.
The only possible positive contribution arises from∫
X
H(A ∧ ν)H(A ∧ ν) g dV.
Corollary 7. The curvature can be estimated in terms of norms of harmonic projections.
(29) R(A,A, ν, ν) ≤ −‖H(A ∧ ν)‖2 + ‖H(A ∧ ν)‖2.
(Here A ∧ ν ∈ A(0,p+1)(Xs,Λp+1TXs) and A ∧ ν ∈ A(0,p−1)(Xs,Λp−1TXs).)
Curvature for holomorphic families over curves. When considering holomorphic families over
(smooth analytic pieces of) curves C, we are dealing with holomorphic maps a : C → S, where S is
the base space of a universal deformation. We are looking at families of the form fC : XC → C, where
XC = X ×S C. We suppose that a has values in the locally free locus of Rpf∗ΛpTX/S.
Now the Kodaira-Spencer map of order p for such a curve is
ρ(p) : T ⊗pC → RpfC∗ΛpTXC/C = a∗
(
Rpf∗Λ
pTX/S
)
.
The Kodaira-Spencer form of order p induces a (semi-) norm hp on T ⊗pC .
Lemma 7 ([Sch10]). Let s be a holomorphic coordinate on C. Then, identifying ∂/∂s with a harmonic
form A we have
−∂
2 log ‖Ap‖2
∂s∂s
= −∂
2 log hp
∂s∂s
≤ R(A,A,Ap, Ap)/‖Ap‖2,
if Ap 6= 0.
Proof. We set ν = Ap, apply (28), and consider the second fundamental form. 
Lemma 8 ([TY14, Lemma 13 (ii)]). Let µ ∈ A(0,p−1)(Λp−1TXs) be harmonic, A and ν as above. Then
(30) ‖H(A ∧ ν)‖2 ≥ |(H(A ∧ µ), ν)|2/‖µ‖2.
Proof. The claim follows immediately from Lemma 6 and the Cauchy-Schwarz inequality. 
Definition 4. A (semi-)norm Gp = ‖ ‖p on TC is defined by
‖A‖p = ‖Ap‖1/p
for any p.
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These norms are only continuous, where the Ap vanish, and differentiable elsewhere. By Lemma 7, the
curvatures of the induced Finsler pseudo-metrics for a tangent vector ∂/∂s corresponding to the tensor
A satisfy
Kp = −
∂2 log(‖A‖2p)
∂s∂s
/‖A‖2p ≤ R(A,A,Ap, Ap)/p‖A‖2+2pp .
The estimate [Sch12, (60) Lemma 7] can be improved using the Cauchy-Schwarz inequality from above
setting ν = Ap and µ = Ap−1 for p > 1.
For p > 1, our Theorem 7 implies
R(A,A,Ap, Ap) ≤ − ‖A
p‖4
‖Ap−1‖2 + ‖A
p+1‖2,
whereas for p = 1 the estimate already follows from [Sch93]:
R(A,A,A,A) ≤ −‖H(A ∧ A)‖2 + ‖H(A ∧ A)‖2,
and the constant H(A ∧ A) equals
H(A ∧ A) =
∫
Xs
(A ∧A) g dV
/
vol(Xs)
where the wedge product A ∧ A is given by (27).
R(A,A,A,A)/‖A‖2 ≤ −c · ‖A‖2 + ‖A
2‖2
‖A‖2 .
Using the extra term in Theorem 7 we can take c = −2/vol(X). (Note that the volume of the fibers is
constant an a polarized family.) Hence
(31) K1 ≤ −c+ ‖A
2‖2
‖A‖4 = −c+
‖A‖42
‖A‖4 .
We follow our arguments from [Sch12] and obtain the estimate
(32) Kp ≤ −1
p
−( ‖A‖2p‖A‖2p−1
)p−1
+
(
‖A‖2p+1
‖A‖2p
)p+1
which is valid whenever Ap 6= 0 and Ap−1 6= 0.
Lemma 9. Given a curve C → S, assume that Gj 6≡ 0 for j = 1, . . . , q, and Gq+1 ≡ 0. Then on a
complement of a discrete set of C
(33) K1 ≤ −c+ G
2
2
G21
and Kp ≤ 1
p
(
−G
p−1
p
Gp−1p−1
+
Gp+1p+1
Gp+1p
)
for 1 < p < q + 1.
8. Finsler metrics
We will use Demailly’s version of Ahlfors Lemma to prove Kobayashi hyperbolicity of a complex space.
In this way we can treat the locus, where the direct image sheaves Rpf∗Λ
p
X/STX/S are not locally free.
Theorem 8 (Demailly [De95, 3.2]). Let γ(t) =
√−1γ0(t)dt ∧ dt be a hermitian metric on the unit disk
∆ = {|t| < 0}, where log γ0 is a subharmonic function such that
√−1∂∂ log γ0 ≥ Aγ(t) in the sense of
currents for some positive constant A. Then γ can be compared with the Poincare´ metric on ∆ as follows:
γ(t) ≤ 2
A · (1− |t|2)2
√−1dt ∧ dt.
The curvature of γ (at 0) is the infimum of all numbers −A, where A satisfies the assumption of the
Theorem.
Different notions of a Finsler metric are common. We do not assume the triangle inequality/convexity.
Such metrics are also called pseudo-metrics (cf. [K98]).
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Definition 5. Let Z be a reduced complex space and let TcZ be the fiber bundle consisting of the tangent
cones of 1-jets. An upper semi-continuous function
F : TcZ → R≥0
is called Finsler pseudo-metric (or pseudo-length function), if
F (av) = |a|F (v) for all a ∈ C, v ∈ TZ.
We require that the restriction to any (local) analytic, complex curve yields a possibly singular hermitian
metric γ(t) =
√−1γ0(t)dt ∧ dt such that log γ0(t) is subharmonic and not identically equal to −∞.
The triangle inequality on the fibers is not required for the definition of the holomorphic (or holo-
morphic sectional) curvature in the direction of a given tangent vector v at a point p: The holomorphic
curvature of a Finsler metric at a certain point p in the direction of a tangent vector v is the supremum
of the curvatures of the pull-back of the given Finsler metric to a holomorphic disk through p and tan-
gent to v (cf. [A-P96]). (For a hermitian metric, the holomorphic curvature is known to be equal to the
holomorphic sectional curvature.)
Now Theorem 8 together with the above set-up imply the hyperbolicity of spaces with negatively
curved Finsler metrics:
Proposition 9. Let Z be a reduced complex space equipped with a Finsler metric F . Assume that the
holomorphic sectional curvature of F is bounded from above by a negative constant. Then Z is hyperbolic
in the sense of Kobayashi.
Given a Deligne-Mumford stack, the analytic methods also yield hyperbolicity of the stack or hyper-
bolicity in the orbifold sense, which in turn implies Brody hyperbolicity (in the orbifold sense).
Proposition 10. Let Z be a reduced complex space equipped with the analytic structure of an orbifold
complex space. In particular Z possesses a covering by quotient spaces S/ΓS, where S is a reduced complex
space and ΓS a finite group. Assume
(i) all spaces S possess ΓS-invariant Finsler metrics with the condition of Proposition 9
(ii) the data in (i) are compatible with the orbifold structure of Z.
Then Z is Kobayashi hyperbolic in the orbifold sense.
We will also apply this concept when dealing with the notion of hyperbolicity modulo a subspace.
Construction of a Finsler metric. So far, we still restrict ourselves to the case, where all direct image
sheaves are locally free.
The functions Gp define Finsler (pseudo-)metrics. Above we set
‖A‖2Gp = ‖A‖2p = ‖Ap‖2/p =
(∫
X
‖H(A ∧ . . . ∧ A)‖2(z)g(z)
)1/p
dV.
Lemma 10 (cf. [Sch08, Lemma 4]). Let C be a complex curve and Gj a collection of pseudo-metrics
of bounded curvature, whose sum has no common zero. Then for 1 ≤ k ≤ n the curvatures satisfy the
following equation.
(34) K∑k
j=1
Gj
≤
k∑
j=1
G2j
(
∑k
i=1Gi)
2
KGj .
Like in [Sch08] we construct a Finsler metric from the Gp. Note that G1 is the Weil-Petersson norm,
whereas the further quantities Gp are semi-norms by definition, which are continuous and of class C
∞
on the complement of their zero-set.
Definition 6. Define a Finsler metric on the base spaces of universal deformations by
(35) H =
n∑
p=1
p αpGp
with αp > 0.
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Now we chose k like in the above Lemma. So by (34)
(36) KH ≤ 1
H2
k∑
p=1
p αpG
2
pKp.
In principle, the Finsler metric depends upon k: We drop the further terms Gp that are identically zero,
and account for these in the formula for the curvature estimate.
Lemma 11.
(37) KH ≤ 1
H2
(
− c α1G21 −
k∑
p=2
(
αp
Gp+1p
Gp−1p−1
− αp−1
Gpp
Gp−2p−1
))
.
Proof. The Lemma follows immediately from (36), and (33) with a shift of indices. 
Note that ‖A‖p = 0 implies ‖A‖p+1 = 0. We first treat (37) in a formal way.
Proposition 11. There exist numbers 0 < α1 ≤ α2, . . . ≤ αn, and K > 0 such that for all positive
numbers Gj, j = 1, . . . , k with k ≤ n and H being given by (35), the right hand side of (37) is less or
equal to −K.
The statement yields boundedness of the curvature, even if some of the Gp, p > 1 tend to zero.
It will be sufficient to treat the most general case k = n, because the coefficients αj are chosen
inductively. Details are in Section 11.
9. Singular direct image sheaves –
Application to universal deformations and moduli spaces
In [Sch12] we explained, how to deal with the locus, where the direct image sheaves Rpf∗Λ
pTX/S are
not locally free. The method is to consider transversal holomorphic curves in the following sense.
Let a holomorphic family of canonically polarized manifolds be defined over an analytic disk C. Then
on the complement of a discrete set all direct images Rpf∗Λ
pTXC/C are locally free. We assume that 0 is
the only such point. Denote by H the above Finsler metric over C\{0}.
Lemma 12. The upper semi-continuous extension of H = H(s)
√−1ds∧ds to C gives rise to a plurisub-
harmonic extension of logH such that
√−1∂∂ logH(s) ≥ KH(s)√−1ds ∧ ds
in the sense of currents, where −K < 0 is the curvature of the Finsler metric H.
Proof. We show that all Gp are bounded from above. Let As be the harmonic Kodaira-Spencer form
representing ρ(∂/∂s|s) for s 6= 0. On the other hand a differentiable trivialization of the family (near
s = 0) yields representatives Bs for all s including 0 depending in a C
∞ way upon the parameter. Also
the family of Ka¨hler-Einstein metrics depends in a C∞ way upon s. Now
‖Aps‖2 = ‖H(As ∧ . . . ∧ As)‖2 ≤ ‖Bs ∧ . . . ∧Bs‖2 ≤ const.
for all s 6= 0. So logH extends as a plurisubharmonic function. 
Now Theorem 8 is applicable, and H can be estimated from above by the Poincare´ metric up to a
factor of 1/K.
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Stratification of the moduli space. We are carrying along the orbifold structure of the moduli space
M in the sense of Proposition 10, and as described above all Finsler metrics are to be considered in the
orbifold sense.
Definition 7. Let Z be a complex space and W a closed subspace. Denote by dZ the Kobayashi pseudo-
distance. Then Z is called hyperbolic modulo W , if dZ(p, q) > 0 for all distinct points p and q, unless
both are contained in W .
The moduli stack M carries a natural stratification MN ( . . . ( M1 ( M, where all direct image
sheaves Rpf∗Λ
pTX/S are locally free on all Mj\Mj+1.
Proposition 12. All Mj are hyperbolic modulo Mj+1. Moreover, Mj\Mj+1 ⊂ Mj are hyperbolically
embedded.
Proof. By our construction, Lemma 11, Proposition 11 the spaces Mj\Mj+1 are hyperbolic, and Le-
ma 12 together with Theorem 8 imply the claim. 
Theorem 9. The moduli spaceM of canonically polarized compact manifolds is hyperbolic in the orbifold
sense.
The proof follows from Proposition 12 by induction.
10. computation of the curvature
We present the idea of the proof.
Sections of Rn−pf∗Ω
p
X/S(KX/S) were denoted by letters like ψ.
ψ|Xs = ψα1,...,αp,βp+1,...,βndz
α1 ∧ . . . ∧ dzαp ∧ dzβp+1 ∧ . . . ∧ dzβn
= ψApBn−pdz
Ap ∧ dzBn−p
where Ap = (α1, . . . , αp) and Bn−p = (βp+1, . . . , βn). The form ψ is taken according to Proposition 8.
The further component of ψ is
ψα1,...,αp,βp+1,...,βn−1,sdz
α1 ∧ . . . ∧ dzαp ∧ dzβp+1 ∧ . . . ∧ dzβn−1 ∧ ds.
Now Proposition 8 implies
(38) ψα1,...,αp,βp+1,...,βn|s
=
n∑
j=p+1
(−1)n−jψ
α1,...,αp,βp+1,...,β̂j ,...,βn,s|βj
.
Let
Hℓk = 〈ψk, ψℓ〉.
Derivatives with respect to a parameter of the base are needed. Let s be a coordinate and v the horizontal
lift of ∂/∂s according to Lemma 2. The Lie derivative for tensors on the total space is denoted by Lv.
Then
∂
∂s
Hℓk = 〈Lvψk, ψℓ〉+ 〈ψk, Lvψℓ〉
because Lv(gdV ) = 0. Taking Lie derivatives is not type preserving – in fact
Lvψ = Lvψ
′ + Lvψ
′′,
where (Lvψ)
′ is of type (p, n− p) and (Lvψ)′′ is of type (p− 1, n− p+ 1). A straightforward calculation
shows the following relations.
Lemma 13.
Lv ψ
′′ = As ∪ ψ(39)
Lv ψ
′′ = (−1)pAs ∪ ψ(40)
Lie derivatives in conjugate directions yield ∂-closed forms.
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Lemma 14.
(41) Lv ψ
′ = (−1)p∂(v ∪ ψ).
Let LX be the multiplication by ωX . Then√−1[∂, ∂] = −LX ,
and the analogous formula holds fiberwise. The following equation holds on A(p,q)(KXs).
(42) ∂ = ∂ + (n− p− q) · id.
In particular, the harmonic forms ψ ∈ A(p,n−p)(KXs) are also harmonic with respect to ∂.
We are in a position to compute the curvature tensor. Because of (41)
〈ψk, (Lvψℓ)′〉 = 0
holds for all s ∈ S so that by Proposition 8
∂
∂s
Hℓk = 〈(Lvψk)′, ψℓ〉.
When using normal coordinates (of the second kind) at a given fixed point s0, the condition (∂/∂s)H
ℓk|s0 =
0 for all k, ℓ means that for s = s0 the harmonic projection
(43) H((Lvψ
k)′) = 0
vanishes for all k.
In order to calculate second order derivatives of the metric tensor in an effective way, the order of
taking derivatives will best be changed. This requires Lie derivative L[v,v]:
(44) ∂s∂s〈ψk, ψℓ〉 = 〈L[v,v]ψk, ψℓ〉 − 〈Lvψk, Lvψℓ〉+ 〈Lvψk, Lvψℓ〉
Lemma 15. Restricted to the fibers Xs the following equations hold for L[v,v] applied to KX/S-valued
functions and differential forms resp.
L[v,v] =
[− ϕ;α∂α + ϕ;β∂β, ]− ϕ · id(45)
〈L[v,v]ψk, ψℓ〉 = −〈ϕψk, ψℓ〉 = −
∫
Xs
(+ 1)−1(As · As)ψkψℓ g dV.(46)
The following identities are necessary
∂(Lvψ
k)′ = ∂(As ∪ ψk)(47)
∂
∗
(Lvψ
k)′ = 0(48)
∂∗(As ∪ ψk) = 0(49)
∂
∗
(Lvψ
k)′ = ∂∗(As ∪ ψk)(50)
∂(Lvψ
k)′ = 0(51)
∂(As ∪ ψk) = 0(52)
Now the proof of the curvature formula (19) (using normal coordinates) proceeds as follows: We continue
with (44) and apply (46). Let G∂ and G∂ denote the Green’s operators on the spaces of differentiable
KXs-valued (p, q)-forms on the fibers with respect to ∂ and ∂ resp. We know from (42) that for
p+ q = n the Green’s operators G∂ and G∂ coincide.
Since the harmonic projection H((Lvψ
k)′) = 0 vanishes for s = s0, we have
(Lvψ
k)′ = G∂∂(Lvψ
k)′ = G∂∂
∗
∂(Lvψ
k)′ = ∂
∗
G∂∂(As ∪ ψk)
by (48) and (47). The form ∂(Lvψ
k)′ = ∂(As ∪ ψk) is of type (p, n− p+ 1) so that by (42) on the space
of such forms G∂ = (∂ + 1)
−1 holds.
Now
〈(Lvψk)′, (Lvψℓ)′〉 = 〈∂∗G∂∂(As ∪ ψk), (Lvψℓ)′〉 = 〈G∂∂(As ∪ ψk), ∂(As ∪ ψℓ)〉
= 〈(∂ + 1)−1∂(As ∪ ψk), ∂(As ∪ ψℓ)〉 = 〈∂∗(∂ + 1)−1∂(As ∪ ψk), As ∪ ψℓ〉.
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Because of (49)
〈(Lvψk)′, (Lvψℓ)′〉 = 〈(∂ + 1)−1∂(As ∪ ψk), As ∪ ψℓ〉
= 〈As ∪ ψk, As ∪ ψℓ〉 − 1〈(+ 1)−1(As ∪ ψk), As ∪ ψℓ〉.
(For (p− 1, n− p+ 1)-forms, we write  = ∂ = ∂.)
Altogether we have
(53) 〈Lvψk, Lvψℓ〉|s0 = −1
∫
Xs
(+ 1)−1(As ∪ ψk) · (As ∪ ψℓ) g dV.
We still need to compute 〈Lvψk, Lvψℓ〉:
By equation (40) we have (〈Lvψk)′′, (Lvψℓ)′′〉 = 〈As ∪ ψk, As ∪ ψℓ〉. Now Lemma 14 implies that the
harmonic projections of the (Lvψ
k)′ vanish for all parameters s. So
〈(Lvψk)′, (Lvψℓ)′〉 = 〈G∂∂(Lvψk)′, (Lvψℓ)′〉 =
(51)
〈(G∂∂∂
∗
Lvψ
k)′, (Lvψ
ℓ)′〉 =
〈(G∂∂
∗
Lvψ
k)′, ∂
∗
(Lvψ
ℓ)′〉 =
(50)
〈G∂∂∗(As ∪ ψk), ∂∗(As ∪ ψℓ)〉.
Now the (p + 1, n − p)-form ∂∗(Lvψk)′ = ∂∗(As ∪ ψk) is orthogonal to both of the spaces of ∂- and
∂-harmonic forms. On these, by (42) we have
∂ = ∂ − ·id.
We see that all eigenvalues of ∂ are larger or equal to 1 for (p, n− p− 1)-forms.
We have from (40)
(〈Lvψk)′′, (Lvψℓ)′′〉 = 〈As ∪ ψk, As ∪ ψℓ〉.
Now Lemma 14 implies that the harmonic projections of the (Lvψ
k)′ terms vanish for all parameters s.
So
〈(Lvψk)′, (Lvψℓ)′〉 = 〈G∂∂(Lvψk)′, (Lvψℓ)′〉 =
(51)
〈(G∂∂∂
∗
Lvψ
k)′, (Lvψ
ℓ)′〉
= 〈(G∂∂
∗
Lvψ
k)′, ∂
∗
(Lvψ
ℓ)′〉 =
(50)
〈G∂∂∗(As ∪ ψk), ∂∗(As ∪ ψℓ)〉.
Now the (p+1, n−p)-form ∂∗(Lvψk)′ = ∂∗(As∪ψk) is orthogonal to both the spaces of ∂- and ∂-harmonic
forms. On these, we have by (42) that ∂ = ∂ − id. We see that all eigenvalues of ∂ are larger or
equal to 1 for (p, n− p− 1)-forms.
One can see that in the eigenfunction decomposition of As ∪ ψk only eigenfunctions for eigenvalues 0
or larger that 1 occur so that (− 1)−1(As ∪ ψk) exists.
Now G∂∂
∗(As ∪ ψk) = (∂ − 1)−1∂∗(As ∪ ψk), and (52) implies
〈(Lvψk)′, (Lvψℓ)′〉 = 〈(∂ − 1)−1∂(As ∪ ψk), As ∪ ψℓ〉
= 〈As ∪ ψk, As ∪ ψℓ〉+ 〈(∂ − 1)−1(As ∪ ψk), As ∪ ψℓ〉.
Equation (40) yields the final equation (again with ∂ = ∂ =  for (p+ 1, n− p− 1)-forms)
(54) 〈Lvψk, Lvψℓ〉 =
∫
Xs
(− 1)−1(As ∪ ψk) · (As ∪ ψℓ) g dV.
The statement of Theorem 5 follows from (46), (53), (44), and (54). 
11. Proof of Proposition 11
The proof is very elementary and given for the sake of completeness. In view of (37) it is obvious to
use the following estimate.
Lemma 16. Let p ∈ N. Then
f(x) = xp+1 − xp − x2/2 + 1/2 ≥ 0
for all x ≥ 0 .
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Lemma 17. Let αp > 0 for p = 1, . . . , n. Then for all xp ≥ 0
n∑
p=2
(αpx
p+1
p − αp−1xpp)x2p−1 · . . . · x21
≥ 1
2
(
−α
3
1
α22
x21 +
αn−1n−1
αn−2n
x2n · . . . · x21 +
n−1∑
p=2
(αp−1p−1
αp−2p
− α
p+2
p
αp+1p+1
)
x2p · . . . · x21
)
(55)
holds.
Proof. Use
αp+1
p−1
αpp
f
( αp
αp−1
xp
) ≥ 0 from Lemma 16 and take a sum. 
Now we set xp = Gp/Gp−1 with and apply Lemma 17 to the result of Lemma 11.
(56) H2KH ≤
(
−c+ 1
2
α21
α22
)
α1G
2
1 +
1
2
n−1∑
p=2
(
αp+2p
αp+1p+1
− α
p−1
p−1
αp−2p
)
G2p −
1
2
αn−1n−1
αn−2n
G2n =: −
n∑
p=1
γpG
2
p.
Lemma 18. There exists numbers 0 < α< . . . < αn such that all coefficients γp are positive.
Proof. We set α1 = 1 and chose the further values αp inductively. 
Let γ = min(γp) in (56). The the right-hand side of the inequality can be estimated from above by
KH2 = −(γ/n)H2. This proves Proposition 11. 
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